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A NOTE ON THE ERDOS-HAJNAL PROPERTY FOR STABLE 

GRAPHS 

ARTEM CHERNIKOV AND SERGEI STARCHENKO 


Abstract. In this short note we provide a relatively simple proof of the 
Erdos-Hajnal conjecture for families of finite (hyper-)graphs without the m- 
order property. It was originally proved by M. Malliaris and S. Shelah in 

0 . 


1. Introduction 

By a graph G we mean, as usual, a pair (V, E), where E is a symmetric subset of 
E X V. If G is a graph then a clique in G is a set of vertices all pairwise adjacent, 
and an anti-clique in G is a set of vertices such that any two different vertices from 
it are non-adjacent. 

As usual, for a graph H we say that a graph G is E-free if G does not contain 
an induced subgraph isomorphic to H . 

It is well-known that every graph on n vertices contains either a clique or an 
anticlique of size | logn, and that this is optimal in general. However, the following 
famous conjecture of Erdos and Hajnal says that one can do much better in a family 
of graphs omitting a certain fixed graph H . 

Conjecture 1.1. (Erdos-Hajnal conjecture la; For every finite graph H there is a 
real number S = 6{H) > 0 such that every finite H-free graph G = (V, E) contains 
either a clique or an anti-clique of size at least \V\^. 

It is known to hold for some choices of H, but is widely open in general (see [11I3] 
for a survey). A variation of this conjecture starts with a finite set of finite graphs 
H = {Hi,...,Efc} and asks for the existence of a real constant 5 = 5{T-L) > 0 
such that every hnite graph G which is H-free (that is, omits all of the Hi € H 
simultaneously), contains either a clique or an anti-clique of size at least \V\^ . The 
aim of this note is to prove this conjecture for certain H connected to the model- 
theoretic notion of stability. 

Definition 1.2. Given m G N, we say that a graph G = (V, E) has the m-order 
property if there are some vertices ai, ... am,bi, ... ,bm from V such that OiEbj 
holds if and only if z < j. 

Note that in this definition we make no requirement on the edges between a^, Oj 
for i ^ j, and between bi,bj for i ^ j. The following theorem is proved in [i 
Theorem 3.5]. 
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Theorem 1.3. For every m G N there is a constant 6 = S{m) > 0 such that every 
finite graph G = {V,E) without the m-order property contains either a clique or an 
anti-clique of size at least 1 ^ 1 ^. 

In this note we provide a short proof of the above theorem (and a version of it 
for hypergraphs) using pseudo-finite model theory. 

Remark 1.4. Theorem 3.5 in [ 6 ] provides explicit bounds on constants 5{m) in terms 
of m, unlike our approach. 

Theorem 11.31 implies an instance of Conjecture 11.11 for certain T-L. We consider 
the following graphs, for each m G N. 

(1) Let Flra be the half-graph on 2m vertices. Namely, the vertices of Fl^ are 
{oi,... ,am, 6 i,..., 6 m}, and the edges are {{ai,bj) : i < j}. 

(2) Let F['^ be the complement graph of iLm- Namely, the vertices of F['^ are 
{ai,... ,am, hi,..., bm}, and the edges are {( 0 ^, 6 ^) : i > j} LI {{ai,aj) : i 
j} U {( 6 *, 6 j) : if-j}. 

(3) Let Fllf have {ai,... ,am,bi,... ,bm} as its vertices, and {{ai,bj) : i < j} U 
{{ai,aj) '. i j} as its edges. 

Finally, let Hm = {Hm, H'^, Hlf}. 

Corollary 1.5. For every m G N, the Erdos-Flajnal conjecture holds for the family 
of all 'Hm-free graphs. 

Proof. In view of Theorem 11.31 it is enough to show that for every m G N there 
is some m' G N such that if a finite graph G is ?^m-free, then it doesn’t have the 
m'-order property. 

Assume that G has the m'-order property. That is, there are some vertices 
Oi,..., Om', bi,..., bjn' in V such that OiEbj holds if and only if z < j. If m' is large 
enough with respect to m, by Ramsey theorem we can find some subsequences 
A = {oii,..., } and B = {bj^,..., }, 1 < zi < ... < im-i-i <m',l<ji< 

... < jm+i < rn', such that each of A, B is either a clique or an anti-clique. 

If both are anti-cliques, then the graph induced on {A Li B) \ {oim+i, 6 jm+i} 
is isomorphic to Hm- If both are cliques, let a} := and 6 ) := Ui, for 1 < 
k,l < m. Then the graph induced on {a'^,... ,a'^,h'^,... ,b'^} is isomorphic to 
H'j^. If A is a clique and B is an anti-clique, then the graph induced on {ALi B)\ 
{oim+i, i® isomorphic to F[!f^. Finally, if A is an anti-clique and R is a clique, 

let a} := and b\ := for 1 < k,l < m. Then the graph induced on 

{a'l,... ,a'^,b'i,... ,b'.^} is again isomorphic to In any of the cases, G is not 
Hm-free. 

□ 

Remark 1.6. We remark that the (strong) Erdds-Hajnal property for semialgebraic 
graphs (and more generally, for graphs definable in arbitrary distal structures) 
can also be established using model-theoretic methods [T], and that the strong 
Erdds-Hajnal property need not hold under the assumptions of Theorem 11.31 (see 
[U Section 6 ]). 

Acknowledgements. We thank Dario Alejandro Garcia and Itay Kaplan for their 
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2. Preliminaries 

In this paper by a pseudo-finite set V we mean an infinite set that is an ul¬ 
traproduct V = Hie/ of finite sets Vi,i £ I, with respect to a non-principal 
ultrafilter if on I. 

Working in “set theory”, for a pseudo-finite set V = Dig/ Vi/T and a subset 
A C we say that A is definable (or “internal”, in the terminology of non-standard 
analysis) ii A = Hie/ for some Ai CV^. 

Let V = Hie/ be pseudo-finite and A C V a definable non-empty subset. 
We define the “dimension” (5(A) {6coi^) in the notation of [5]) to be the number 
in [0,1] that is the standard part of log(|A|)/log(|Id|). As an alternative definition, 
write A as A = Hie/ A^/J^, where each A^ is a non-empty subset of Vi. For each 
i £ I let k = log(|Ai|)/log(|Fi|) (so \Ai\ = |ld|^0- Then 5(A) is the unique number 
I £ [0, 1] such that for any £ > 0 in R, the set {i £ I: I — e < k < I e} is in iF. 
We extend S to the empty set by setting 5(0) := —oo. 

In the following lemma we state some basic properties of 5 that we need. Their 
proofs are not difficult and we refer to for more details. 

Lemma 2.1. Let V be a pseudo-finite set. 

(1) 5(F) = 1. 

(2) 5(Ai U A 2 ) = max{5(Ai), 5(A2)} for any definable Ai,A 2 C V. 

(3) Let Y £-V X F™ and Z £ V be definable. Assume that d{Z) = a and for all 
pairwise distinct oi,..., Om £ Z we have S({x £ V: (x, oi,..., am) £ F}) < /?■ 
Then 

5({x £ V: 3zi, ...,Zm £ Z f\zi Zj k{x,zi,. ■ . Zm) G F}) < ma + fi. 

In the next section we will prove the following “non-standard” version of the 
main theorem (and in fact a more general version of it for hypergraphs). 

Theorem 2.2. Let V be a pseudo-finite set and E £ V x V a definable symmetric 
subset. Assume that the graph {V,E) does not have the m-order property for some 
m G N. Then there is definable A C F such that 5(A) > 0 and either {a., a') £ E 
for all a a' £ A or (a, a') ^ E for all a a! £ A. 

We explain how Theorem 11.31 follows from Theorem 12.21 Assume that Theorem 
11.31 fails. This means that for a fixed m, for every r S N there is some finite graph 
Gr = {Vr,Er) of size at least r which does not have the m-order property and 
does not have a homogeneous subset of size at least IF-I"^- Let G = {V,E) be an 
ultraproduct of the Gr’s modulo some non-principal ultrafilter E on N. It follows 
by Los’s theorem that G also does not have the m-order property. Thus, we can 
apply Theorem 12.21 and obtain a definable homogeneous set A C F, let’s say a 
clique, with 5(A) > a > 0. By definability A = OreN^^/-^ f°^ some A^ C F-, 
and by the definition of the 5-dimension we have that jA^I > |Fr.|“ for almost all r, 
contradicting the assumption. 

3. Proof of Theorem 12.21 

We fix a pseudo-finite set F = Hig/ and a definable symmetric subset E = 
Wi^i Ei/E of F” (where “symmetric” means that it is closed under permutation 
of the coordinates). 
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We follow standard model-theoretic notation. For r;i,..., Vn-i G V and a subset 
X C F we let E(vi,... ,Vn-i,X) ■= {x & X-.V \= E{vi,... ,Vn-i,x)}. By a 
partitioned formula we mean a first-order formula 4>{xi,... ,Xk',yi, ■ ■ ■ ,yi) with two 
distinguished groups of variables x and y, and it is stable if the bi-partite graph 
{R,V^,V^) with R := {(a, 6) :V \= (j){a-,b)} does not have the m-order 

property for some m. We say that a definable set X C F is large if 5{X) > 0, and 
we say that X is small if 6{X) < 0. 

We prove the following proposition, in particular establishing Theorem 12.21 

Proposition 3.1. Assume that E{xi;x 2 -i ■ ■ ■ ,Xn) is stable. Then there is a large 
definable set A V such that either (ai,..., Un) G E for all pairwise distinct 
oi,..., a„ G A or (oi,..., a„) ^ E for all pairwise distinct oi,..., a„ G A. 

We will use some basic local stability such as definability of types and Shelah’s 
2-rank i?A(—) := i?(—, A,2) (and refer to [U Chapter II] for the details). 

We will use A to denote a finite set of (non-partitioned) formulas. By a A- 
formula if{x) over a set of parameters IF C F we mean a Boolean combination 
of formulas of the form 4>{x, d) where 4>{x, y) is a formula from A and a is a tuple 
of elements from IF. We let A (IF) denote the set of all A-formulas over IF. 
By a complete A-type p{x) over IF we mean a maximal consistent collection of 
A-formulas of the form ip{x) over IF {p is axiomatized by specifying, for every 
4>{x,y) G A and d G IFI*'I, whether 4>{x,d) G p or -^(j){x,d) Gp). 

For any permutation a G Sym(n), let 4>a(xi ,..., x„) = E{xa(i ),..., Xa(^n))- From 
now on we fix A = {f^ixi,... ,Xn) '■ G Sym(n)} U {xi = X 2 \. 

Our assumption is that the partitioned formula (j){x]y) = E{x,yi,... ,2/n-i) is 
stable. By the basic properties of stable formulas we then have the following. 

(1) Every partitioned A(F)-formula (j)(x;y) is stable, where x a single variable. 
This follows from the assumption since E is symmetric and the set of stable 
formulas is closed under Boolean combinations and under replacing some of the 
variables by a fixed parameter. 

(2) Every complete A-type p{x) over F, with x a single variable, is definable using 
A-formulas over F. Indeed, for a partitioned A(F)-formula 4i{x]y), which is 
stable by (I), the type p \ (p is definable by a Boolean combination of instances 
of the formula ^i>*(y; x) = (j){x] y), with parameters in F. Which is also a A(F)- 
formula. 

(3) For any complete A-type p{x) over F and /c G N we have a complete A-type 
p^^i{xi,... ,Xk) over F — the type of a Morley sequence in p. Namely, as p 
is definable by (2), say using A(Fq)- formulas for some countable Vo C F, we 
takep^'") = {_]{tp^{ak,...,ai/V') : Fq C F' C F countable,o^+i \= p \v'ao...ai 

for i < k}. By a standard argument is well-defined. 

Consider A' = {(j){x-,y) : (j){x,y) G A, |a;| = I}, a finite set of partitioned for¬ 
mulas. Slightly abusing the notation, we will write i?A(—) to refer to Ra'{—)- As 
every partitioned formula in A' is stable by (I), RaIx = x) is finite. Let S' C F be 
a large definable subset of the smallest i?A-rank. By Lemma f2.Il 2l. S cannot be 
covered by finitely many definable sets of smaller i?A-rank, hence by compactness 
there is a complete A-type p{x) over F such that Ra{S{x) r]p{x)) = Ra{S) (and 
in fact p is the unique type with this property). 
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Claim 3.2. For any formula r{xi,Xk) S if 1“ r{xi,... ,Xk), then 

there is a large definable ACS such that ^ r{ai,... ,ak) holds for any pairwise 
distinct ai,..., from A. 

Proof. We prove the claim by induction on k. 

Case k = 1. If p(xi) h r{xi) and r(xi) G A(C), then by the choice of p we have 
RAi^ixi) n S{xi)) = i?A(<S'(xi)). Thus i?A(“'?’(a^i) C ^(xi)) < i?A(<5'(xi)) by the 
definition of rank, so (5(-'r(xi)nS'(xi)) = 0 by the choice of S, so <5(r(xi) nS'(xi)) > 
0. Thus we can take A = r{S). 

Assume fc > 1. 

By the definition of p^'^^ in (3) above, there is some ..., Xk-i) C A(l/) such 
that p tr(xi,....xfc_i;xfc) is defined by Xfe_i), i.e. 

r{vi,...,Vk-i-,Xk) Cp(xk) <;=^ V \=Tf>{vi,...,Vk-i) 

for any vi,... ,Vk-i C V. 

Also h ^/^(xi,... ,x/c_i) as p^^^ h r(xi,... ,Xk). By the inductive assump¬ 

tion, there is some large definable B C S such that V ^ ipibi ,..., bk-i) holds for 
all pairwise distinct 6i,..., bk-i C B. As B is definable, there are some Bi C Si 
such that B = For each i, let Ai C Bi be maximal (under inclu¬ 

sion) such that ri{ai,... ,ak) holds for all pairwise distinct oi,..., C Ai, and let 
A := Hie/ AijT. We have: 

(i) ACB 

(ii) V ^ r(ai ,..., at) for any pairwise distinct oi,..., Ofe C A. 

(iii) For any b G B \ A there are some pairwise distinct ai,... ,ak-i in A such 
that V ^ r(ai,..., a*, b). 

We claim that A is large, so satisfies the conclusion of the claim. In fact, we show 
that 5(A) > -^^6{B). Assume not, say 5(A) = ai < -j^S{B). For all pairwise 
distinct oi,..., Ok-i G A we have V |= ip{ai ,..., Ok-i), so r{ai ,..., ak-i,Xk) G p. 
By the choice of p, the i^A-rank of r{ai,... ,ak-i,S) is equal to the i^A-rank of 
S, so the i?A-rank of -^r(ai,... ,ak-i,S) has to be smaller than the i?A-rank of 
S, which implies that S{B \ r{ai,... ,ak-i, B)) = 0 by the choice of S. By the 
property (iii) above, the set B\A is covered by the family {B \ r{ai ,..., ak-i,B) : 
ai, • ■ •, ak—i G A, l\i^j ai 
Then by Lemma 12.11 3'). 

5(5 \A)<{k- 1)5(A) +0<{k- l)ai 

which implies by Lemma [^Al 2') that 5(5) < {k — l)ai < a — a contradiction. □ 

Finally, as both 5(xi,... ,x„) and ^E{xi,... ,x„) are in A and either h 

5(xi,... ,Xn) or I - 'Eixi,... ,x„), the proposition follows. 
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